A unified approach to the ferromagnetic two dimensional Potts model on square lattice is proposed. The compatibility with the still to be found solutions of the three (and higher) dimensional Ising model allows one to write down an explicit analytic ansatz for the free energy in terms of few q-dependent Regge trajectories. The duality symmetry of the 2D Potts model together with the known results on its critical exponent α allow to fix a priori in an analytic way all but one Regge trajectory. The agreement of proposed analytic ansatz with Monte Carlo data and observations in the q = 3 case is remarkable in all the range of temperatures. It is shown that the q > 4 cases naturally fit into the same scheme and that one should also expect a good agreement with Monte Carlo data and observations. The limiting q = 4 case is shortly discussed.
Introduction
The Potts model 1 is the most natural generalization of the two dimensional Ising model: in the Potts model, the spin may have q different states instead of two as in the Ising case. It is one of the most interesting models in statistical mechanics and field theory and it is still waiting for an exact solutions (for a nice review see [1] ). The Potts model has many interesting features and a very rich phase diagram (due to the presence of two physical parameters: the inverse temperature β and the number of states q) which can be also useful as a model of more difficult problems. The remarkable paper [4] shed light on the deep connection between the three dimensional Potts model and the problem of color confinement. Furthermore, the two-dimensional Potts model has nice properties under duality transformations which allowed to determine exactly the critical exponent α and the self-dual point (a classic monograph on the subject is [2] ). The Potts model is also one of the best theoretical arena to study first order phase transition since, as it is well known, already in two dimensions when the number of spin states q is greater than 4 the model exhibit a first order phase transition (while for q ≤ 4 the transition is second order). A further very important property of the Potts model is its relations with the Yang-Baxter equation and the Temperley-Lieb algebra (see [2] ) which produced many nontrivial results in knot theory, percolation and combinatorial problems (for three detailed reviews see [5] , [6] and [7] ). Because of the deep connections of the two dimensional Potts model with many fields of physics and mathematics, it is an interesting issue to test analytical methods able to shed new light on its global properties and, in particular, on the interplay between q and β which is still not fully understood.
A method which can provide one with a new understanding of the global phase diagram of the two dimensional Potts model and the interplay between q and β is the Regge theory of scattering (see [8] and [9] ). Such a method is nonperturbative in nature because of the lacking of any small parameter. A huge amount of experimental scattering amplitudes can be described by the Regge theory in terms of suitable "Regge trajectories" (which are curves relating the masses and the angular momenta of the resonances). The few parameters characterizing the Regge trajectories can be determined with different arguments (for instance, in comparison with observations) and, afterwards, it turned out that such parameters have a very deep physical meaning. These methods had a great success in the study of the strong interactions (before the advent of QCD) leading to the formulation of the dual models [10] (two detailed reviews are [11] and [12] ). Such techniques are also closely related to duality symmetries (this was the reason of the name "dual models"). Needless to say, the idea of duality is at the heart of our present understanding of non-perturbative phenomena in field theory and statistical mechanics (a nice pedagogical review is [13] ).
A further theoretical tool which can disclose very interesting properties of systems undergoing phase transition is the analysis of the Fisher zeros [14] in which the inverse temperature β is extended to the whole complex β-plane (in the same way as Yang and Lee complexified the magnetic field [15] ). Thus, by looking at the distribution of zeros of the partition function in the complex β plane, one can determine the universal amplitude ratio A + /A − of the specific heat; see [17] [16] . Such tools are also useful when analyzing the strength of the phase transitions (see for instance [18] , [19] , [20] and references therein). Furthermore, the locus of Fisher zeros manifests a very close relation with the duality properties of the theory.
In the reference [21] it has been argued that the use the powerful tools of Regge theory of scattering in statistical mechanics may be very promising. It has been argued in [22] that the ideas related to Regge theory and to the Kallen-Lehmann representation may be useful in dealing with the 3D Ising model. It has been verified in [23] (in which a minimal duality breaking was assumed) and in [24] (in which it was shown that the Fisher zero theory favours a strong duality breaking) that such a method provides one with results in a very good agreement with observations and Monte-Carlo data. On the other hand, it is worth to stress that in the case of the Ising model in three dimensions, suitable duality invariant analytical approximations (see, for instance, [25] , [26] and references therein) may be also used and the agreement with observations is good.
It will be shown that the tools of Regge theory and the Kallen-Lehmann representation are very suitable to deal with the two dimensional Potts model (here we will only consider the ferromagnetic case) and the concept of Regge trajectories is quite fruitful in this context. The compatibility of the (still unknown) exact solutions of the three and higher Ising models on hyper-cubic lattices with the one of the two dimensional Potts model suggests an ansatz for the free energy of the two dimensional Potts model in terms of few Regge trajectories. Unlike the case of the three dimensional Ising model (in which one has to fix the Regge trajectories by a comparison with Monte Carlo data; see [22] , [23] , [24] ), the duality symmetry and the known critical behavior of the two dimensional Potts model allow to fix analytically all but one Regge trajectory (which, in principle, could be fixed by looking at the normalization).
Dimensional Compatibility
The Kallen-Lehman representation [22] gives rise to an ansatz for the free energy of the 3DI model of the following form
where the values of the Regge parameters in the case of the two-dimensional Ising model would be λ = 1, ζ i = 1/2 for i = 0, .., 3. Namely, one may find the operator D 1,2 (see Eq. (2)) which "dresses" the trivial one-dimensional solution of the Ising model giving rise to the Onsager solution. Then, the Kallen-Lehmann free-energy for the three dimensional Ising model is deduced [22] by modifying D 1,2 in such a way that the parameters which in D 1,2 are fixed to be 1 and 1/2 (namely, in the two dimensional case, λ = 1, ζ i = 1/2) become the free parameters. Afterwards, one can use such a modified operator to dress the Onsager solution obtaining a useful ansatz for the free energy of the three dimensional Ising model. 
Regge trajectories and 2D Potts model
Let Q D,q be the operators which when applied to the free energy F D,q of the q−state ferromagnetic Potts model in D dimensions give rise to the free energy
One can observe that they have to satisfy a sort of commutativity constraint:
The above equation simply represents the statement that, when acting on the free energy F D,q , the same result should be obtained (that is, F (D+1),(q+1) ) if one first increases by one D using D D,q and then increases by one q using Q (D+1),q and when the two operations are performed in the different order. Indeed, Eq. (3) is not exactly a commutation relation since the operators appearing on the two sides are different. Nevertheless, it appears to be a quite strong constraint. The Kallen-Lehmann free energy for the three dimensional Ising model in Eq.
(1) has recursive character. It suggests that a good approximation to the free energies of the Ising models in any dimension should have two terms: the first term corresponds to the free energy in one dimension less while the second "new" term is a multiple D − 1 dimensional integral (as the second term in Eq.
(1)). It is well known that the partition function of the Potts can be written in a very natural way for continuous q so that q can be any real number and (at least when β is far from the critical point) one expects a continuous dependence of the free energy on q. If the dimensionality of multiple integrals which may appear in the free energy in two dimensions does depend on q, such a dependence has to be subtle enough to ensure a continuous behavior (at least far from the critical point) with respect to q. Indeed, the by far simplest possibility is that in the (still to be found) exact free energy of the two dimensional ferromagnetic Potts model the dimensionality of the integrals which may appear does not depend at all on q and that q only enters the free energy in a continuous way through some q−dependent trajectories.
Let us suppose for a moment that Eq. (1) is the exact free energy of the three dimensional Ising model for some values of the Regge parameters. In this case, the simplest way to satisfy Eq. (3) corresponds to the following explicit analytic formula for the free energy of the two dimensional ferromagnetic Potts model in which few q−dependent Regge trajectories appear:
where k 2D (q, u) is the function encoding the duality properties of the model, the function C q can be found by comparing the high temperatures expansion of Ising and Potts models in two dimensions 3 (see, for instance, [1] ), λ (q), ς (q) are the q-dependent Regge trajectories 4 . It is worth to note that we are still free to add a q-dependent constant to the above free energy. Unfortunately this fact prevents us from using the Baxter's results on the free energy on the critical point to fix λ(q). It is trivial to verify that the critical point u c corresponding to the free energy in Eq. (4) is determined by the equation
as one expects on the basis of the Onsager solution. When q < 4, the trajectory ς (q) and k 2D (q, u) can be fixed a priori using theoretical arguments related to the duality symmetry and to the known results on the critical behavior. While we will fix the normalization λ(q) by a comparison with the Monte Carlo data.
As it will be shown in the next sections, ς(q) is related to the critical exponent α (q). Through the well known critical behavior of the Potts model, one can get an implicit functional relation between ς and α ς (q) = Φ (α (q)) .
On the other hand, α is related to the correlation length so that one could think at Eq. (6) as a relation between the correlation length and the maximum angular momentum of the local excitations (namely, q) and this fits very well with the concept of Regge trajectories (see, for instance, [11] and [12] ). As it will be explained in the following sections, in the q > 4 cases (in which the transition is first order) one can fix a priori ς (q) in terms of λ (q) using the known exact results of Baxter on the latent heat.
2 Duality and k 2D (q, u)
Duality is a very powerful symmetry which allows to get non-perturbative results using perturbative analysis. In the case of the two-dimensional Ising model, such a symmetry was discovered in [27] before the exact solution of Onsager [28] . In the Onsager solution duality is manifest since the non-analytic part of the free energy depends on u only through the duality invariant function
An important step is to determine a reasonable form for the key function k 2D (q, u). In the case of the Potts model the duality transformation under which the partition function is invariant 5 is
so that its fixed point u c = u c (q) is
Thus, one has to find a function k 2D (q, u) analogous to the one of the two dimensional Ising model which encodes the duality properties of the two dimensional Potts model and which reduces to the known result when q = 2: that is
where the ± signs appear because the Kallen-Lehman free energy in Eq. (4) depends on (k 2D (q, β)) 2 .
The simplest solution (let us call it k) of Eq. (9) is
it can be easily seen that k(q, u) fulfils Eq. (9) for any value of the constant A which we will fix with the normalization condition at the critical point in Eq.
Furthermore the critical point is located at u = u c in Eq. (8) as it should be and it can be easily seen that when q = 2 it reduces to the expression of k 2D in terms of the low temperatures variable u. Indeed, once one has found the simplest k invariant under duality transformation and which reduces to the Ising case when q = 2, one can construct many more solutions by simply taking functions f of the k in Eq. (10)
such that f (x) has the maximum when x = 1 and f (1) = 1. The simplest possibility is to consider f (x) of the form
One procedure to determine E (q) for q = 3 is to look at the coefficients of the low temperatures expansions (see [32] , [33] ). Using Eq. (4) one can compute the ratios δ n for very small u δ n (q, u) = a n (q, u) a n+1 (q, u) ,
for some small n and verify that one can fulfil the scaling expected in the cases q = 3 with the choice
so that we will take
while, of course, the compatibility with the Onsager solution tells that E (2) = 1. It is also interesting to observe that consistency with the q → 1 + limit (where the u-dependence disappears) would suggest E(1) = 0. Thus, from now on, we will fix E (3) as in Eq. (11).
The critical behavior
The critical exponent α (q) for two dimensional Potts model (when q ≤ 4) is known to be (see [29] )
where the positive values of x correspond to the tricritical point while the negative values correspond to the critical point. One can fix a priori the Regge trajectory ς (q) by looking at the critical behavior of the model: the specific heat is known to have (see [30] , [31] ) the following forms for q = 3
On the other hand, the second derivative of the (non-analytic part of the) free energy F 2D in Eq. (4) reads
where
Near the critical point, H ≈ 1 and ∂ u H ≈ 0 since, as it has been already discussed, the critical point is a smooth maximum of k 2D (u). For this reason, the most singular term is the first one:
since the divergent term in the integral of the second term in Eq. (13) are compensated by the vanishing first derivative of H at the critical point (while ∂ 2 u H is of order 1). By imposing that the singular part of the specific heat in Eq. (14) reproduces the known critical behavior in Eq. (12) one gets an implicit relation between α and ς which fixes 6 ς (3) to be
In the next sections we will draw a picture of the critical part of the free energy in Eq. (4) against the known results at the critical point which shows a excellent agreement.
Comparison with Monte Carlo data for q = 3
An explicit analytic expression for the free energy in Eq. (4) of the two dimensional ferromagnetic Potts model has been constructed in which theoretical arguments (basically, duality and the known critical behavior) can fix everything but one Regge trajectory λ(q). Indeed, it is easy to see that λ (3) can fixed in terms of the Monte Carlo data at low temperatures giving rise to a remarkable agreement.
The low and high temperatures
Because of the built-in duality invariance of the model, we will only need to check the agreement at low temperatures since the agreement at high follows from duality. Our analysis is based on the references [32] , [33] : to be more precise, we checked that the normalization in [33] is consistent with (and reduces to) the normalization of [32] in the q = 2 case of the two dimensional Ising model. In particular, the expansion of the partition function in the above references corresponds to only consider the interesting non-analytic term (neglecting the trivial term log cosh 2β in the Ising case). Therefore, in the Potts case one has to compare the low temperature expansions for q = 3 with the second term on the right hand side of Eq. (4). The low temperatures expansion of the free energy in [32] , [33] for the q = 3 case is and the best value λ (3) is λ (3) = 0.1543
For this value of λ(3) at low (and therefore high) temperatures the "precision" of the Kallen-Lehmann ansatz versus the Montecarlo free energy may be measured in many different ways; for instance one can use the following:
As one can see from Fig. (1) the agreement is excellent.
The critical behavior
Because of the simplicity of the free energy in Eq. (4), one can perform the numerical computations using the standard software Mathematica R . The picture 2 , in which we plot the Kallen-Lehmann free energy F 2D (3, u) against the critical free energy
in a neighbourhood (sized 1% of u c (3)) of the critical point show a remark- able agreement. Also in this region the precision p(F critic , F 2D ) of the result maintains well below 1%.
The q > 4 cases
The q > 4 cases are qualitative very different from the cases q ≤ 4 since, when q > 4, the phase transition is of first order. Thus, one could expect that even if the ansatz in Eq. (4) works very well for q < 4, it is not at all obvious if it can also work when q > 4. Remarkably enough, it can be shown that the free energy in Eq. (4) does indeed describe first order phase transition at the critical point u c (q) in Eq. (8) provided ς (q) becomes negative:
When ς (q) is negative (ς (q) = − |ς (q)|), the leading behavior of the internal energy corresponding to the free energy in Eq. (4) 
Indeed, the derivative of k 2D (q, u) at the critical point is still zero but the divergence of the integral is stronger so that it gives rise to a finite contribution, for u ≈ u c one has:
while the integral in Eq. (16) is dominated by the region t ≈ π/2. Thus, one gets a finite discontinuity of the first derivative
where a is a small positive number, the − sign refers to taking the limit to the critical point from the left and the + from the right. Therefore the internal energy acquires a finite jump (namely, a non-trivial latent heat) at the phase transition as it should be. Furthermore, the jump is symmetric 7 in agreement with the result of Baxter. With the same arguments one can see that when ς (q) is positive and less than one (as it is the case for q < 4), both left and right derivatives are zero at the critical point so that the transition is second order. This is a very interesting fact in itself since it allows to describe with the same analytical ansatz also the region in which a first order transition takes place.
The above reasoning tells that to describe the first order region ς (q) < 0 and to describe the second order region ς (q) > 0. In the second order region it has been shown that ς (q) is related to the critical exponent α. Below it will be discussed that in the first order region one can fix the discontinuity of the first derivative of the free energy at the critical point (which, roughly, is proportional to λ(q)ς (q)) using some exact results obtained by Baxter.
Comparison with the Baxter results
Baxter (see [2] , for a review see [1] ) was able to compute the latent heat L (q, u c ) at the critical point in the q > 4 case:
Thus, one can fix the discontinuity ∆E c of the first derivative of the free energy in Eq. (4) at the critical point
in terms of the Baxter result:
Such equation allows, in principle, to fix one of the two Regge trajectories in terms of the other (for instance, one can choose to express λ (q) in terms of ς (q)) living us with only one trajectory which could be fixed by looking at the Monte Carlo data at low temperatures. Unfortunately, at least in the cases q = 5 and q = 6 (which we analyzed more closely), we have not been able to develop a suitable software to test at the same time the low temperatures and the critical behavior. Even if, at first glance, the numerical problems to be solved for q > 4 are similar to the ones which appear for q < 4, there are two important differences. The first is that for q < 4 the known critical behavior is only related to ς (q) which therefore can be fixed, while for q > 4 the Baxter result on the latent heat determines ∆E c which is a rather complicated function of both λ (q) and ς (q) and this does make the numerical analysis more involved. The second is that, at least in the cases q = 5 and q = 6, the numbers which arise in the low temperatures expansions are very small and this makes our software extremely slow 8 . Nevertheless, we have verified using the software Mathematica R that if one looks at the low temperatures only, one achieves an almost perfect agreement with the Monte Carlo data of [32] and [33] , both for q = 5 and q = 6. This is a strong indication that this framework also works in the case q > 4 since, because of the built in invariance under the duality transformation in Eq. (7), an excellent matching at low temperatures by construction implies an excellent matching at high temperatures. Thus, if one takes into account that in the ς (q) < 0 region the free energy in Eq. (4) has a first order phase transition, one should indeed expect that the present method provides one with an explicit analytic description of the free energy both for q < 4 and for q > 4 in terms of only two q−dependent Regge trajectories 9 in excellent agreement with Monte Carlo data.
The q = 4 case
The q = 4 case is the more delicate. The first obvious reason is that q = 4 is the boundary between the range in which the model exhibit a second order phase transition (q ≤ 4) and the range in which the transition is first order (that is, q > 4). As a matter of fact, for q = 4: the specific heat singularity has logarithmic correction (see [30] or [31] ):
The present formalism provides one with a very natural mechanism for the arising of logarithmic corrections. When ς (q) is positive and less than 1 the non-analytic part of the internal energy at the critical point is zero since the potentially divergent integral is multiplied by the derivative of k 2D which is zero at the critical point by construction (since the critical point is the smooth maximum of k 2D ). One can also see that the smaller is ς (q) (and the more negative is ς (q) − 1) the "stronger is" the divergence of the specific heat. If one assumes that ς (q) is a continuous function of q, then one could naively argue that ς (4) = 0 (19) since in the first order region ς (q) < 0 while in the second order region one has 1 > ς (q) > 0 so that, if ς (q) would be continuous function of q one would be lead to the above conclusion which, at a first glance, is a non-sense. Indeed, Eq. (19) cannot be true as it stands but standard arguments in Quantum Field Theory and statistical mechanics suggest a more suitable interpretation. It is well known that, in many cases in Quantum Field Theory and statistical mechanics, the limiting case of a power law divergence is a logarithm times regular factors. Thus, one could try the following interpretation of Eq. (19):
9 Furthermore, at least one of these two trajectories can be fixed a priori analytically using known analytical results at the critical point (see Eqs. (15) and (17)).
so that a possible continuation of the free energy in Eq. (4) when q = 4 could be F 2D (4, u) = C 4 + λ(4) 2π π 0 dt log 1 2 1 + Ξ (q, u) log 1 − (k 2D (4, u)) 2 sin 2 t .
Unfortunately, we have still not found a theoretical argument to fix a priori Ξ in an analytic way. Nevertheless, it is worth to stress that the above formula does give rise automatically to a second order phase transition with a logarithmic correction of the type in Eq. (18) and, therefore, to find theoretical arguments able to fix Ξ (q, u) is an interesting open problem.
Conclusions and perspectives
A unified approach to the ferromagnetic two dimensional Potts model on square lattice has been developed. After introducing the D−dressing and the q−dressing operators D D,q and Q D,q , it has been described how the compatibility between D D,q and Q D,q allows one to write down an explicit analytic ansatz for the free energy in terms of few q-dependent Regge trajectories. The duality symmetries of the 2D Potts model together with the known theoretical results on its critical exponent allow to fix a priori all but one Regge trajectory. The agreement of the proposed analytic free energy with Monte Carlo data is excellent on all the range of temperatures including the critical point for q = 3. For q = 5 and q = 6 one can also see that the agreement with Monte Carlo data at low and high temperatures is remarkable but we have not been able to test the corresponding critical points because of some subtle numerical problems. Nevertheless it has been proved that the corresponding phase transition when ς < 0 is first order. The q = 4 case remains basically opens but we have some indications that the present framework is also able to capture important features of such subtle case since it predicts automatically logarithmic correction to the power law divergence of the specific heat. These results together with the ones obtained in the case of 3D Ising model ( [23] , [24] ) show that, in lattice statistical systems, the powerful tools of Regge theory and the Kallen-Lehmann representation provide one with excellent nonperturbative analytical approximation.
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